Abstract. We prove simplicity of all intermediate C * -algebras C * r (Γ) ⊆ B ⊆ Γ ⋉ r C(X) in the case of minimal actions of C * -simple groups Γ on compact spaces X. For this, we use the notion of stationary states, recently introduced by Hartman and Kalantar in [8] . We show that the Powers' averaging property holds for the reduced crossed product Γ ⋉ r A for any action Γ
Introduction and statement of the main results
Crossed product C * -algebras are among the most important and most studied classes of C * -algebras. They provide deep connections between theories of C * -algebras and dynamical systems. The problem of simplicity of reduced crossed product C * -algebras, and more generally understanding the ideal structure of the full crossed products have received lots of attention in the past few decades (see e.g. [1, 2, 5, 6, 9, 11, 13, 16] ).
In [5] , de la Harpe and Skandalis proved that for any action Γ A of a Powers' group Γ on a unital C * -algebra A, the reduced crossed product Γ ⋉ r A is simple if A is Γ-simple (i.e. has no non-zero proper two sided closed Γ-invariant ideals). They left it as a question whether the same holds in the more general case of C * -simple groups. In [3] , the authors answered this question by proving the result for all C * -simple groups, by using the dynamics of the Furstenberg boundary action.
Intermediate C * -algebras, i.e. C * -algebras B of the form C * r (Γ) ⊆ B ⊆ Γ⋉ r A, have recently gained some particular attention, for instance in the work of Suzuki ( [14, 15] ) in connection to problems of minimal ambient nuclear C * -algebras as well as maximal injective von Neumann subalgebras.
In this paper we consider the simplicity problem for intermediate C * -subalgebras of crossed products of C * -simple group actions, and more generally, the Γ-simplicity of their unital Γ-invariant C * -subalgebras.
Theorem 1.1. Let Γ be a countable discrete C * -simple group, and let A be a Γ-C * -algebra. Suppose for some C * -simple measure µ ∈ Prob(Γ), all µ-stationary states on A are faithful. Then any unital Γ-invariant C * -subalgebra of the reduced crossed product Γ ⋉ r A is Γ-simple.
Since, with respect to the inner action of Γ, any C * -subalgebra B of Γ ⋉ r A that contains C * r (Γ), as well as any ideal in A, are invariant, the following is immediate. Corollary 1.2. Under the assumptions of Theorem 1.1, any intermediate C * -subalgebra C * r (Γ) ⊆ B ⊆ Γ ⋉ r A is simple. In the case of commutative Γ-C * -algebras A = C(X), we obtain the following. Theorem 1.3. Let Γ be a countable discrete C * -simple group, and let Γ X be a minimal action of Γ on a compact space X. Then any
Examples of actions Γ
A, where A is noncommutative and assumptions of Theorem 1.1 hold, include Γ C * r (Γ) by inner automorphisms, for any C * -simple group Γ ([8, Theorem 5.1]), as well as F n F n ⋉ r C(∂F n ), also by inner automorphisms, for any n ≥ 2 ([8, Example 4.13]).
None of the proofs in [5] and [3] of simplicity of the reduced crossed products have obvious modification to include the case of invariant subalgebras. In fact, one can observe that such a result is very far from being true in general. For example, let A be a non-trivial simple C * -algebra and let Γ A be the trivial action of a Powers' group
is not simple. It is not hard to construct even a faithful such action. But one should notice that the main reason that simplicity for invariant subalgebras could fail is that, in general, Γ-simplicity does not pass to subalgebras.
On the other hand, in the above setup, even in the more general case of a C * -simple group Γ, if A = C(X) is commutative and Γ-simple (which is equivalent to minimality of Γ X), since any invariant C * -subalgebra B ⊂ A is of the form C(Y ) where Y is an equivariant factor of X, and since minimality passes to factors, it follows Γ ⋉ r B is also simple by [3, Theorem 7.1] .
Thus, we have observed that if Γ is C * -simple and Γ X is minimal, then any intermediate
To deal with general intermediate C * -subalgebras, not necessarily of the crossed product type, we need to translate minimality in the non-commutative setting in a way that passes to subalgebras and does not require a crossed product structure to realize. Inspired by the recent work [8] of Hartman and the second named author, we use the notion of stationary states to capture "minimality" of the intermediate
Before proceeding into the details of our results, we recall some definitions and basic facts, and fix some conventions and terminology. Unless otherwise stated, Γ will be a countable discrete group, and all compact spaces are assumed Hausdorff. We denote by λ : Γ → B(ℓ 2 (Γ)) the left regular representation of Γ, and by C * r (Γ) the reduced C * -algebra of Γ, i.e. the C * -algebra generated by {λ s : s ∈ Γ}. We denote by τ 0 the canonical trace on C * r (Γ), defined by τ 0 (λ e ) = 1 and τ 0 (λ s ) = 0 for all non-trivial elements s ∈ Γ/{e}.
By Γ-C * -algebra, we mean a unital C * -algebra on which Γ acts by * -automorphisms. We say A is Γ-simple if it does not contain any nontrivial proper closed Γ-invariant ideals. If A = C(X) is commutative, then A is Γ-simple iff Γ X is minimal, i.e. the compact Γ-space X does not have any non-empty proper closed Γ-invariant subsets.
Any action Γ A induces an action of Γ on the state space of A in a canonical way, (sτ )(a) = τ (s −1 (a)) for s ∈ Γ, a ∈ A, and a state τ on A. Let µ ∈ Prob(Γ), a state τ on a Γ-C * -algebra A is said to be µ-stationary if µ * τ = τ , where µ * τ = s∈Γ µ(s)sτ is the convolution of τ by µ. The theory of stationary states was introduced and studied in [8] , where applications to several rigidity problems in ergodic theory and operator algebras were given. One of the main results there states that a countable group Γ is C * -simple if and only if there is a measure µ ∈ Prob(Γ) such that the canonical trace τ 0 is the unique µ-stationary state on C * 
Powers' averaging property for crossed products
In this section we prove the Powers' averaging property for the reduced crossed product Γ ⋉ r A, in the case of an action Γ A of a C * -simple group Γ on a unital C * -algebra A. In the case of Powers' groups Γ, this result was proved by de la Harpe and Skandalis in [5] , and it was used to prove simplicity of the reduced crossed product Γ⋉ r A when A is Γ-simple. Recent developments of the subject include two independent work of Haagerup [7] and Kennedy [12] , where they prove that the reduced C * -algebra C * r (Γ) of any C * -simple group Γ has the Powers' averaging property. Below we prove the same averaging scheme can be lifted to the crossed product level as well.
First, let us quickly recall the construction of reduced crossed products in order to introduce our notation. Let A be a unital Γ-C * -algebra. Fix a faithful * -representation π : A → B(H) of A into the space of bounded operators on the Hilbert space H. Denote by ℓ 2 (Γ, H) the space of square summable H-valued functions on Γ. The group Γ acts on ℓ 2 (Γ, H) by left translation unitaries
There is also a * -representation σ :
The reduced crossed product Γ ⋉ r A is the C * -algebra generated by unitaries {λ s : s ∈ Γ} and operators {σ(a) : a ∈ A} in B(ℓ 2 (Γ, H)). Note thatλ s σ(a)λ s −1 = σ(sa) for all s ∈ Γ and a ∈ A. In particular, the group Γ also acts on Γ ⋉ r A by inner automorphisms.
We denote by E : Γ ⋉ r A → σ(A) the canonical conditional expectation which is defined by E(σ(a)) = σ(a) and E(σ(a)λ s ) = 0 for a ∈ A and s ∈ Γ/{e}. The map E is Γ-equivariant and faithful.
The following lemma provides the estimation that will allow us to lift an averaging scheme from the reduced C * -algebra to the reduced crossed product.
Lemma 2.1. Let Γ be a discrete group, and let A be a Γ-C * -algebra. Then for any t 0 , s 1 , . . . , s m ∈ Γ, p 1 , . . . , p m ∈ R + , and a ∈ A we have
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Proof. For ξ ∈ ℓ 2 (Γ, H), observe that for each t ∈ Γ we have
Define the function ξ 1 (t) = ξ(t) H , t ∈ Γ. Then ξ 1 ∈ ℓ 2 (Γ), and
and since ξ 1 ℓ 2 (Γ) = ξ ℓ 2 (Γ,H) , the inequality (1) follows.
It follows, in particular, from the above Lemma 2.1 that if C * r (Γ) has the Powers' averaging property, then so does the reduced crossed product Γ ⋉ r A for any action Γ A. But in order to prove our characterization of stationary states on the crossed product, we need a more precise averaging scheme.
We denote by µ * k the k-th convolution power of a measure µ ∈ Prob(Γ). Also, for a ∈ A and a measure µ ′ ∈ Prob(Γ), we denote µ ′ * a = t∈Γ µ ′ (t)ta for the convolution of a by µ ′ .
Theorem 2.2. Let Γ be a C * -simple group, let µ ∈ Prob(Γ) be a C * -simple measure, and let A be a Γ-C * -algebra. Then
Proof. Let a ∈ Γ ⋉ r A, and let ε > 0 be given. Then, there are t 1 , . . . , t m ∈ Γ\{e} and a 1 , . . . , a m ∈ A such that for b =
→ 0, as n → ∞, for all i = 1, 2, . . . , m. Thus, Lemma 2.1 implies
and since ε was arbitrary, the theorem follows.
Stationary states on the reduced crossed product
In this section we prove for an action Γ A of a C * -simple group, a one-to-one correspondence between stationary states on A and stationary states on the reduced crossed product Γ⋉ r A. This correspondence, together with the important feature of stationary states that for any action Γ A and µ ∈ Prob(Γ) there is a µ-stationary state τ on A ([8, Proposition 4.2]), are the main ingredients in proving our main result, Theorem 1.1. Theorem 3.1. Let Γ be a C * -simple group, let µ ∈ Prob(Γ) be a C * -simple measure, and let A be a Γ-C * -algebra. Then any µ-stationary state τ on Γ ⋉ r A is of the form τ = ν • σ −1 • E for some µ-stationary state ν on A.
Proof. Let µ ∈ Prob(Γ) be a C * -simple measure, and let τ be a µ-stationary state on Γ ⋉ r A. Then, for any a ∈ Γ ⋉ r A, Theorem 2.2 implies
Thus, if we let ν = τ | σ(A) • σ be the state on A obtained from restriction of τ to σ(A) ⊂ Γ ⋉ r A, we see that ν is µ-stationary and
Remark 3.2. A similar correspondence between invariant probabilities on X and traces on the crossed product was proved by de la Harpe and Skandalis in [5] in the case of minimal actions of Powers' groups.
Remark 3.3. The conclusion of the above Theorem 3.1 in the case of trivial action A = C translates to unique stationarity of the canonical trace on the reduced C * -algebra C * r (Γ). Thus, it generalizes one direction of [8, Theorem 5.1] , and in fact, combined with the latter, they give a similar characterization of C * -simplicity, which we record in the following theorem. (1) Γ is C * -simple; (2) there is µ ∈ Prob(Γ) such that for any action Γ A, any µ-stationary state τ on Γ ⋉ r A is of the form τ = ν • σ −1 • E for some µ-stationary state ν on A; (3) there is an action Γ A such that for some µ ∈ Prob(Γ), every µ-stationary state τ on Γ ⋉ r A is of the form τ = ν • σ −1 • E for some µ-stationary state ν on A. 
Proofs of the main results
In this section we prove Theorems 1.1 and 1.3.
Proof of Theorem 1.1. Let Γ be a countable discrete C * -simple group, and let A be a Γ-C * -algebra. Let µ ∈ Prob(Γ) be such that all µ-stationary states on A are faithful. Let B be a unital Γ-invariant C * -subalgebra of Γ⋉ r A, and let I be a proper closed two-sided Γ-invariant ideal of B. Then the action Γ B induces an action Γ B/I. By [8, Proposition 4.2] , there exists a µ-stationary state η on B/I. Composing η with the canonical quotient map B → B/I we obtain a µ-stationary stateη on B that vanishes on I. Now by the same [8, Proposition 4.2], thisη can be extended to a µ-stationary state τ on Γ ⋉ r A. By Theorem 3.1, there is a µ-stationary state ν on A such that τ = ν • σ −1 • E. By the assumptions, ν is faithful, and since E is also faithful, it follows τ is faithful. But τ vanishes on I, hence I is trivial.
In order to prove Theorem 1.3 we need to work with a generating C * -simple measure, existence of which for a C * -simple group was not established formally in [8] . But we verify below that a simple tweak in the proof of [8, Theorem 5 .1] will do the job. → 0, as n → ∞, for all a ∈ C * r (Γ), and that any such sequence (µ n ) has a subsequence (µ n k ) such that µ := ∞ k=1 1 2 k µ n k is a C * -simple measure. Now, consider a sequence (µ n ) as above, and for a fixed ω ∈ Prob(Γ) with full support, letμ n := ω * µ n for each n ∈ N. Then everyμ n has full support, and μ n * a − τ 0 (a)1 C * r (Γ) = ω * µ n * a − τ 0 (a)1 C * r (Γ)
= ω * [µ n * a − τ 0 (a)1 C * r (Γ) ] ≤ µ n * a − τ 0 (a)1 C * r (Γ) n→∞ − −− → 0 for all a ∈ C * r (Γ), which implies, as commented above, that for an appropriately chosen subsequence, the measureμ := ∞ k=1 1 2 kμn k is C * -simple. Since the measures µ n k have full support, so does the C * -simple measureμ.
Proof of Theorem 1.3. Let Γ be a countable discrete C * -simple group, and let Γ X be a minimal action on the compact space X. By Lemma 4.1, there is a generating C * -simple measure µ on Γ. Let ν ∈ Prob(X) be µ-stationary. It is not hard to see that Supp(ν) is invariant under the action of elements in Supp(µ), and since µ is generating, the Supp(ν) is Γ-invariant. Therefore, by minimality of the action Γ X, we conclude that Supp(ν) = X. This implies every µ-stationary state on C(X) is faithful, hence the result follows from Theorem 1.1.
